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Abstract. Earlier studies have conjectured that redshift drift is described by spatially
averaged quantities and thus becomes positive if the average expansion of the Universe accel-
erates. This conclusion is reevaluated here by considering exact light propagation in a simple
toy-model with average accelerated expansion. The toy-model and light propagation setup
is explicitly designed for concordance between spatial averages and averages along light rays.
While it is verified that redshift-distance relations are well described by average quantities in
this setup, it is found that the redshift drift is not. Specifically, the redshift drift is negative
despite the on-average late-time accelerated expansion of the model. This result implies that
measuring redshift drift signals at low redshifts gives the potential for directly falsifying the
backreaction conjecture. However, the results are based on a toy-model so it is in principle
possible that the result is an artifact and that redshift drift is in reality well described by
spatially averaged quantities. The result therefore highlights the importance of developing
exact solutions to the Einstein equations which exhibit average accelerated expansion without
local expansion so that the relation between spatial averages and observations can be firmly
established.
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1 Introduction
The next generation of observational data will be extremely precise and ample, permitting
scrutinizing investigations into e.g. the detailed qualities of dark energy. The Large Synoptic
Survey Telescope (LSST) is for instance expected to yield observational data from over 10
million supernovae [1] while the Euclid mission is e.g. expected to measure the shapes of
more than a billion galaxies [2].
A particularly interesting feature of upcoming surveys is that they will provide the possi-
bility of detecting effects hitherto too small to be measured. Specifically, real-time cosmology
will become feasible. Real-time cosmology is the research field dedicated to studying the time
variation of astrophysical observables in “real time” i.e. during observation time [3]. Exam-
ples of real-time cosmology are cosmic parallax [4, 5], redshift drift [6, 7] and the recently
proposed measurement of the drift of the polarization af inverse-Compton scattered CMB
photons [8]. Amongst the observables discussed in real-time cosmology, redshift drift has
so far received the most attention and will also be the focus here. Redshift drift is a tiny
quantity but the technological advances seen during the past few decades mean that mea-
suring it is becoming practicable. The modern estimates of the observation time required to
measure the redshift drift is typically of the order of a few decades [9] but some suggest that
redshift drift could be measured before the year 2030 if dedicated instruments are built now
[10]. Redshift drift measurements have therefore become a serious observational goal and is
for instance the main application purpose of CODEX [11], a spectrograph designed for the
European Extremely Large Telescope (E-ELT). Redshift drift measurements with ELTs are
expected to be in the redshift interval 2− 5 as the measurements are based on the Lyman α
forest [9]. It is also expected that the redshift drift can be measured at redshifts below 1 e.g.
by appropriately modifying the Square Kilometer Array (SKA) or similar instruments [12–15].
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The redshift drift has the potential to become a highly valuable observable: Redshift drift
measurements can significantly alleviate parameter degeneracies and be used to distinguish
different cosmological models within standard cosmology [3, 16–24] as well as distinguish
between standard cosmological models and alternatives such as the timescape scenario [25]
and varying speed of light cosmologies [26]. Redshift drift measurements can also be used to
conduct principal investigations of fundamental assumptions underlying standard cosmology
such as the Copernican principle [27–30]. Lastly, and arguably most importantly, redshift
drift measurements correspond to direct and model independent measurements of the cosmic
expansion rate (or rather, its temporal variation). All in all, redshift drift is a highly impor-
tant observable available to us in the near-future. It is therefore important to have a firm
understanding of how different cosmological settings can affect redshift drift measurements.
Specifically, since the Universe is not exactly homogeneous, redshift drift measurements will
e.g. be prone to contamination for large-scale structures. For measurements based on the
Lyman α forest, this contamination was in [31] estimated to be orders of magnitude smaller
than the cosmic signal while it was in [32] through linear perturbation theory estimated to be
as much as ∼ 1% for some redshifts with the possibility of reducing it to ∼ 0.01% by averag-
ing over many signals. Complementary to this, [33, 34] study effects of peculiar acceleration
of galaxies and galaxy clusters with the conclusion that the peculiar signal dominates over
the cosmic signal at low redshifts (at least z . 0.5) while it will be noise at higher redshifts,
difficult to distinguish from the cosmic signal unless the cosmic signal can be obtained by
averaging over many signals.
Another important aspect of cosmological inhomogeneities is that they can affect the
large-scale/average evolution of the Universe. This phenomenon is known as cosmic backre-
action (see e.g. [35–38] for reviews on the topic and section 3 for a brief introduction). At
this point, it is still up for debate to what extent cosmic backreaction is important in the real
universe (see e.g. [39] and references therein). However, it is at least in principle possible for
backreaction to generate acceleration of the average expansion rate without there being any
local accelerated expansion due to e.g. dark energy. The idea that backreaction is the source
for the apparent late-time accelerated expansion of the Universe is known as the backreaction
conjecture. Future observational data can indirectly give indications of the size of cosmic
backreaction simply because it is unlikely that a universe with significant backreaction will
behave very precisely as a ΛCDM model. Specifically, several FLRW (Friedmann-Lemaitre-
Robertson-Walker) geometry consistency relations have been devised (e.g. [40–42]) and the
more precisely observations obey these, the less likely it is that backreaction is significant
for the dynamics of the Universe. However, while a failure of observations to fulfill FLRW
consistency relations directly falsifies standard cosmology, a precise observational fulfillment
of FLRW consistency relations does not directly and unambiguously falsify the backreaction
conjecture.
It is desirable to devise observational tests that can directly falsify the backreaction
conjecture. For this purpose, redshift drift might be a key. It has earlier been concluded
that redshift drift is well described by spatially averaged quantities and hence that redshift
drift will be positive at low redshifts regardless of whether the apparent late-time accelerated
expansion is due to local or global acceleration [43, 44]. This conclusion is based on general,
mainly statistical, considerations largely at a conjecture level and the conclusion is questioned
here where the topic is studied anew by directly propagating light rays through a toy-model
with average accelerated expansion. After a brief introduction to redshift drift in standard
cosmology in section 2, the toy-model studied here is described in section 3. Different meth-
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ods for describing average and exact redshift drift in the model are discussed in section 4 and
results obtained with these methods are given in both section 4 and 5. A summary is given
in section 6.
2 Redshift drift in FLRW models
The redshift drift δz is defined as the change in the observed redshift of a (comoving) source
during an observation time δt0, i.e. δz := dzdt0 |t0δt0. Since δt0 is very small (∼ 10 − 100yrs)
compared to cosmological time scales, the expression for the redshift drift can be simplified
through a first order Taylor expansion. The expression is straightforward to derive from the
FLRW expression for the redshift, 1 + z = 1a(t) , and can be written as
δz = δt0 [(1 + z)H0 −H(te)] = δt0(1 + z) [a,t(t0)− a,t(te)] , (2.1)
where a(t0) = 1, subscripted commas indicate partial derivatives and a subscripted 0 implies
evaluation at observation time, and e at emission time.
The first expression for δz given above is the typical rendering of the FLRW redshift drift.
The second rendering of the expression highlights the fact that in an FLRW universe, the
redshift drift is positive if the expansion accelerates between observation and emission time.
This is for instance the case at late times in a standard ΛCDM model while it is specifically
not the case in an FLRW solution to the Einstein equations containing only regular matter
(radiation, baryonic matter, dust dark matter). For a coasting universe, the redshift drift van-
ishes identically which therefore yields a very strong prediction for e.g. the Rh = ct universe
[45].
3 Backreaction and toy-models with average accelerated expansion
One possible explanation of the apparent late-time accelerated expansion of the Universe is the
backreaction conjecture which postulates that it is merely an artifact arising from interpret-
ing observations with too simple cosmological models (the FLRW models). The backreaction
conjecture is based on noting that the average evolution of inhomogeneous solutions to the
Einstein equations generally deviate from FLRW evolutions. Since the Universe is not exactly
spatially homogeneous and isotropic, this means that it may be inappropriate to use FLRW
models as the base cosmological models when interpreting observations.
The difference between FLRW evolution and the average evolution of a general inho-
mogeneous cosmological model is known as cosmic backreaction. Backreaction is typically
studied by using Buchert’s averaging scheme for scalars [46, 47]. Within this scheme, averages
on flow-orthogonal spatial hypersurfaces (vorticity is assumed zero) are defined as proper vol-
ume averages, i.e. 〈S〉 :=
∫
D S
√
| det gij |∫
D
√
| det gij |
, where S is a scalar, D is a spatial domain and gij is
the spatial metric. Applying Buchert’s averaging scheme to the Hamiltonian constraint and
the Raychaudhuri equation leads to the Buchert equations (c = 1 throughout):
3H2D := 3
(
aD,t
aD
)2
= 8piG 〈ρ〉 − 1
2
〈
(3)R
〉
+ Λ− 1
2
Q (3.1)
3
aD,tt
aD
= −4piG 〈ρ〉+ Λ +Q. (3.2)
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The normalized volume scale factor aD is defined by aD :=
(
VD
VD0
)1/3
with VD the proper
volume of the spatial averaging domain D which should be chosen to be larger than the
homogeneity scale. The source term Q is the kinematical backreaction defined as Q :=
2
3
(〈
Θ2
〉− 〈Θ〉2)−2 〈σ2〉. Θ is the local fluid expansion rate and σ2 := 12σµνσµν is the fluid’s
shear scalar.
As noted in the introduction, the significance of cosmic backreaction for the real universe
is a matter of great debate. The main problem is that it has proven very difficult to obtain a
realistic quantification of backreaction because this requires a realistic, fully relativistic solu-
tion to the Einstein equations. Quantifications have e.g. been attempted with perturbation
theory [48–53], methods utilizing Newtonian N-body simulations [54–57], relativistic simula-
tions [58–62] and ensemble models [63, 64]. These methods all have shortcomings that make
the resulting quantifications at most suggestive.
Here, the goal is not to attempt quantifying backreaction. Instead, the focus is on the
relation between spatially averaged quantities and observations in a universe with signifi-
cant backreaction. In [44, 65] and [66–68] different methods for relating spatially averaged
quantities to redshift and distance measures were proposed. These will be illustrated in the
following with a toy-model, with the main interest being whether the redshift drift can be
related to spatially averaged quantities as prescribed by these methods. This question has
already been studied in [43] where it was concluded that the redshift drift can indeed be
described analogously to the FLRW case, using the volume scale factor and average Hubble
rate instead of FLRW quantities. This conclusion is in line with the assertions in [44] but the
results were based on purely theoretical considerations without any numerical computations
or examples to back them up - and the considerations did not involve an actual proof, only
assertions. The former is remedied here, where the issue is studied by directly computing the
redshift drift in a model with significant backreaction.
3.1 Model setup
For the purpose of the study, it is necessary to have a model of an inhomogeneous universe
which exhibits average accelerated expansion at late times without having any local accel-
erated expansion. In addition, the model must be spatially statistically homogeneous and
isotropic with a homogeneity scale of the order ∼ 100Mpc. The latter features, expected to
be true of the real universe, are necessary for light propagation studies; if structures become
excessively large, a light ray will not experience a statistically homogeneous and isotropic
universe because structures evolve too much during the time it takes a light ray to traverse
the (spatial) homogeneity scale. Unfortunately, exact solutions to the Einstein equations with
these features do not currently exist so a toy-model must be constructed instead. Specifically,
a cosmological model with the desired features can be constructed by considering an ensemble
of disjoint FLRW regions. Ensembles of disjoint regions have earlier been studied in relation
to the backreaction problem, e.g. in [63, 64, 69–73] with different levels of complexity. For the
current work, it does not matter how many different FLRW regions are included in the en-
semble. Therefore, instead of considering a complicated ensemble of structures of many scales
as in e.g. [63], simply using two different FLRW models will suffice. The model considered
here thus consists of an ensemble of two types of FLRW regions with a spatial arrangement
mimicking an inhomogeneous universe containing a distribution of one type of voids and one
type of overdensities. A similar interpretation of this type of model was given in e.g. [69] and
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the model can be considered a simple version of a multiscale model [54, 74]. Since the regions
are disjoint, spatial averaging can be conducted by considering only one of each region, but
using the appropriate volume fraction of the two regions. Thus, when considering spatial
averages of the model, it is appropriate to simply use the formalism for two-region models
considered in e.g. [70–72]. This type of two-region models have earlier been used for studying
the relation between backreaction and observations (e.g. [43, 73, 75]) and form part of the
basis for computations in the timescape scenario (see e.g. [25] for a comparison of timescape
predictions with observations).
The volume scale factor of a two-region model and its corresponding average expansion rate
are given by
aD =
(
a3u + a
3
o
a3u,0 + a
3
o,0
)1/3
(3.3)
HD = Hu
a3u
a3u + a
3
o
+Ho
a3o
a3u + a
3
o
. (3.4)
Subscripts o and u identify the Hubble parameters and scale factors of the two different FLRW
models. These specific subscripts are chosen to indicate that one FLRW model is underdense
while the other is overdense compared to an Einstein-de Sitter (EdS) universe.
The two-region model studied here is based on an empty underdense region and an
overdense region described by a closed, dust-only FLRW model. In this case, the development
angle φ of the overdense region can be used to describe the relation between the scale factors
and cosmic time as follows:
t = t0
φ− sin(φ)
φ0 − sin(φ0)
au =
f
1/3
u
pi
(φ− sin(φ))
ao =
f
1/3
o
2
(1− cos(φ)) .
(3.5)
fo and fu = 1 − fo are the volume fractions of the over- and underdense regions at φ = pi.
The model studied here is defined as in [43] so that at present time φ = φ0 = 3/2pi and
HD0 = 70km/s/Mpc. The parameter fo can be varied in order to obtain different average
expansion histories. Further details regarding the computation of quantities in the two-region
models are given in appendix A.
Note that setting HD0 = 70km/s/Mpc is simply done for the obvious aesthetic reason of
having an average Hubble constant close to the observed value. The actual value chosen for
HD0 has no significant consequences for the results. Similarly, choosing present time to be
at φ0 = 3/2pi is simply done because it corresponds to a time somewhat after the overdense
region has begun contracting, i.e. it corresponds to having collapsing structures at present
time (without the structures having collapsed too much compared to a more realistic scenario
where complete collapse is avoided through virialization). Again, the specific choice of φ0 has
no actual consequences for the conclusions of the work. The same is true for choosing the
underdense region to be completely empty. It could just as well have been chosen to be a
dust+curvature FLRW model with large negative curvature. Using an empty region is done
for simplicity.
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Figure 1. Average density parameters of the studied two-region model.
Results from one particular model will be studied, but the results are in agreement with
those found when using other particular models, obtained by varying fo. The results are
shown for a model defined by having fo = 0.5. This choice is made somewhat arbitrarily but
with the following considerations in mind: In order to obtain accelerated expansion of the size
similar to what is actually observed, only fo ≈ 0.18 is necessary, but a larger value of fo will
increase the late-time average accelerated expansion and will thus highlight any effects of this.
The density parameters of the model are shown in figure 1 and are defined as follows:
ΩDm : =
8piG 〈ρ〉D
3H2D
ΩDR : = −
〈
(3)R
〉
D
6H2D
ΩDΛ : =
Λ
3H2D
ΩDQ : = −
QD
6H2D
(3.6)
With these definitions, equation (3.1) implies that these quantities add to 1, i.e.
ΩDm + Ω
D
R + Ω
D
Λ + Ω
D
Q = 1. (3.7)
Note that ΩDR and Ω
D
Q are negative when
〈
(3)R
〉
D
and Q are positive and that ΩDΛ = 0 here.
It is clearly seen in the figure that there is significant kinematical backreaction, with ΩDQ of
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Figure 2. Hubble parameters of the studied two-region model. A close-up of the average Hubble
parameter, HD, is included in order to show that it increases at late times.
similar size as ΩDm and ΩDR at late times. The kinematical backreaction is indeed so significant
that it induces a sign change of the curvature during the model’s evolution (a sign change of
the spatial curvature is not possible in a pure FLRW model and is thus necessarily a backre-
action effect).
The three Hubble parameters Ho, Hu and HD are shown in figure 2. At early times, when
the overdense regions make up the larger volume fraction, HD ≈ Ho while at later times
HD ≈ Hu. Ho and Hu are strictly decreasing functions, with Ho < Hu at present time. The
average Hubble rate, however, increases at late times, implying average accelerated expansion.
4 Light propagation in the toy-model
This section describes exact schemes for computing the redshift drift in the toy-model as
well as schemes proposed in the literature for relating average quantities to observations in a
statistical/on-average way.
4.1 Exact light propagation
Exact light propagation in the toy-models is studied by solving the ordinary first order dif-
ferential equations corresponding to the geodesic equation and the transport equation in the
FLRW limit (for details on the latter, see e.g. [76]). With s denoting an affine parameter and
D the distortion matrix, the latter is given by
d2
ds2
Dab = T
a
c D
c
b, (4.1)
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where T is the optical tidal matrix given by
Tab =
(
R−Re(F) Im(F)
Im(F) R+Re(F)
)
. (4.2)
R := −12Rµνkµkν and F := −12Cαβµν(∗)αkβ(∗)µkν , with Rµν the Rici tensor, Cαβµν the
Weyl tensor and µ := Eµ1 + iE
µ
2 with E
µ
1 , E
µ
2 spanning screen space. The Weyl tensor van-
ishes in FLRW spacetimes and the Einstein equations combined with the null-condition of
the tangent vector kµ yields R = −4piGρ (kt)2. The transport equation is therefore quite
simple in the FLRW limit. Further simplifications are obtained by noting that the light rays
can be propagated with only kt and kr non-vanishing.
The crucial consideration regarding light propagation in the toy-model is that light rays
must be propagated alternately through the two types of FLRW regions with a ratio between
the two corresponding to the proper volume fractions of the total ensemble (i.e. of the corre-
sponding two-region model). The rate of alteration must correspond to a homogeneity scale
of reasonable size. The requirement that the ratio between the proper lengths of the two
types of regions along a light ray must equal the ratio of their proper volumes in the total
ensemble implies that lo = lu
(
ao
au
)2
, where lu and lo are, respectively, the comoving lengths of
the under- and overdense regions traversed by a light ray before it is moved to the other type
of region. The overall homogeneity scale is fixed by setting lu = 50Mpc which corresponds
to a present time size of underdense regions of approximately 72Mpc and a present time size
of overdense regions of approximately 20Mpc. Increasing lu and lo means that neighboring
disjoint regions will not “compensate” each other as well along a light ray because of evolution
of the regions during the light ray travel time. This leads to an accumulating offset between
average and exact results.
Note that the choice lo = lu
(
ao
au
)2
is based on the volume fractions of the two types
of regions and not a line-of-sight average. In Euclidean space this is a justifiable choice; if
space is statistically isotropic 3D and 1D spatial averages should be identical and if structures
evolve reasonably slowly, the average along a light ray can be approximated as a 1D spatial
average. As noted in [77], the relation between 1D and 3D spatial averages in curved space-
time is less trivial but this will not be considered further here even though the model studied
here is neither locally nor globally/on-average spatially flat. With the choice of lolu used here,
average quantities along light rays will follow spatial averages by design.
Important points will be illustrated with the redshift-distance relation, but the main point is
to study the redshift drift which can be computed by solving the set of equations
dt
dr
= −a
dz
dr
= (1 + z)a,t
dδz
dr
= a,tδz + (1 + z)a,ttδt
dδt
dr
= −a,tδt.
(4.3)
These equations are straightforward to derive for a radial light ray in an FLRW model using
a procedure similar to e.g. the derivations in section 3 of [78], i.e. by considering a light ray
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observed at t = t0 and one at t = t0 + δt0 and Taylor expanding to obtain a simple expression
for the difference. One may note that a (slightly less sophisticated) method for computing
the redshift drift along repeatable light paths is to simply compute the redshift along a light
ray for the same observer at t = t0 and t = t0 +δt0 and subtract the two results. A light ray’s
path is repeatable if a light ray emitted from the same point of emission at different times
follow the same spatial path [79]. All light rays in FLRW spacetimes are repeatable.
4.2 Average light propagation
Cosmic backreaction is typically described using spatial averages. However, as pointed out
many times before (e.g. [44, 53, 62, 65, 66, 80–82]), a possible issue with such a procedure is
that observations are mainly made on the light cone. Therefore, spatially averaged quantities
(including backreaction terms) are only relevant if they can be related to observables in a
sensible manner. Two specific schemes for relating spatial averages with observations have
been proposed and used in the literature. One scheme can be characterized as a “covariant”
scheme and was proposed in [44, 65] (but see e.g. also [83] for early considerations). The
other scheme is based on introducing a so-called template metric and was proposed in [66]
(but see e.g. also [67, 68]). The two schemes are described and compared in [84] and here
only a brief summary of the methods will be given.
The covariant scheme utilizes considerations of statistical homogeneity and isotropy to con-
clude that the redshift and angular diameter distance, DA, upon averaging over many data
points should be well described by the pair
(
zC , DCA
)
given by
1 + zC =
1
aD
HD
d
dzC
((
1 + zC
)2
HD
dDCA
dzC
)
= −4piG 〈ρ〉DDCA .
(4.4)
The analysis leading to the covariant scheme relies on the requirement that spatial averages
are computed on hypersurfaces of statistical homogeneity and isotropy and assumes that
structure evolution is slow compared to the time it takes a light ray to traverse the homo-
geneity scale. These assumptions must therefore also be required by the toy-model as already
noted.
The template scheme is based on Ricci flow normalization and the introduction of a “tem-
plate” metric ds2D = −dt2 + a2D
(
dr2
1−kD(t)2 + dΩ
2
)
based on an on-average description of null-
geodesics. The resulting pair of observables
(
zT1, DT1A
)
is given by
dr
dt
=
1
aD
√
1− kD(t)r2
dkt
dt
=
1
2
kt
(
2HD − kD,tr
2
1− kDr2
)
DT1A = r(z
T )aD(z
T1)
1 + zT1 =
(kµu
µ)e
(kνuν)0
=
(
kt
)
e
(kt)0
,
(4.5)
where the choice kD(t) = 16a
2
D
〈
(3)R
〉
is assumed.
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As noted in [84], there is some ambiguity within the template scheme as there does not
seem to be an a priori reason to prefer the template metric given in the above coordinates
over one e.g. given according to ds2 = −dt2 +a2D
(
dw2 + 1kD sin
2
(
w
√
kD
)
dΩ2
)
. This version
of a template metric was e.g. used in [85]. According to this choice, the redshift-distance
pair,
(
zT2, DT2A
)
, can be computed according to
dw
dt
= − 1
aD
dkt
dt
= HDk
t
DT2A =
aD√
kD
sin
(
w
√
kD
)
1 + zT2 =
(
kt
)
e
(kt)0
.
(4.6)
When kD,t 6= 0, this set of equations yields different results than the set in Eq. (4.5). This is
particularly clear for the expressions for kt and hence the redshift.
4.3 Redshift-distance relations in the toy-model
Determining which, if any, of the above relations give good descriptions of observations upon
averaging over many data points requires studying light propagation in statistically homoge-
neous and isotropic exact solutions to the Einstein equations with significant cosmic backre-
action without large local effects. No such models are currently known. However, there is
a preferred redshift-distance relation to use for the toy-model considered here as the model
is specifically designed to fulfill the postulates leading to the pair
(
zC , DCA
)
. In figure 3, the
exact redshift distance relation for the toy-model is shown together with the three “average”
descriptions given above. It is clearly seen that the covariant scheme gives an excellent de-
scription of the exact redshift-distance relation. This is in agreement with the findings of
[73] where models similar to the one introduced here were studied in terms of different mea-
sures of acceleration. On the other hand, figure 3 also shows that the two template schemes
do not give good approximations of the exact redshift-distance relation - especially not the
pair
(
zT1, DT2A
)
. The difference between the predictions of the two pairs
(
zT1, DT1A
)
and(
zT2, DT2A
)
is also noteworthy as it emphasizes the possible issue with the template scheme
in its current form.
As discussed in the previous subsection, an accumulating off-set between exact and av-
erage results can be expected if structures and hence the homogeneity scale is large. This is
seen in figure 3 between the exact results and
(
DCA , z
C
)
. The exact results are shown both
with the observer placed in an underdense and overdense region but the results depend only
very little on this choice. The off-set is substantially decreased by scaling lu and lo by a factor
of 0.1 and somewhat increased by scaling them by a factor of 10.
Since it is only the covariant scheme that yields a good description of the average redshift-
distance relation, it is only this scheme that will be used to study average redshift drift. Note
however that z2T = zC . Note also that since the toy-model studied here is not an exact
solution and is constructed specifically to fulfill the criteria leading to
(
zC , DCA
)
, the results
shown in figure 3 cannot be considered a “falsification” of the template scheme. At the very
least, however, figure 3 shows that for this particular type of toy-model, the covariant scheme
– 10 –
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Figure 3. Redshift-distance relations in toy-model. Results obtained by propagating light through
disjoint regions are labeled according to whether the observer was placed in an empty FLRW region
(“u”) or the overdense FLRW model (“o”). In both cases, the light ray was propagated the length lu
(lo) before being moved into a new region.
is the more appropriate one to use.
With zC = 1aD − 1, the average redshift drift is given by an expression analogous to the
FLRW expression, i.e.
δzC = [(1 + z)HD0 −HD(te)] δt0. (4.7)
In the following subsection, this expression is compared to the exact redshift drift of the
toy-model.
5 Redshift drift in the toy-model
The redshift drift results obtained from propagating light rays in the toy-model are shown
in figure 4. The exact redshift drift is shown for three different observers: One placed in
an overdense region, one placed in an underdense region and one placed at the edge of an
overdense region propagating into an underdense region after only roughly 1 Mpc. As seen,
the main features of the exact redshift drift do not depend on the position of the observer.
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Figure 4. Redshift drift in toy-model. Results obtained by propagating light through disjoint
regions are labeled according to whether the observer was placed in an empty FLRW region (“u”)
or an overdense FLRW model (“o”). In both cases, the light ray was propagated the length lu (lo)
before being moved into a new region. The light ray labeled “edge” corresponds to an observer placed
approximately 1Mpc from the edge of an overdense region so that the light ray was moved into an
underdense region quickly after being initialized (at the point of observation). A close-up of the
region z ≈ 0 is included to highlight that the redshift drift is non-positive at low redshifts for the
exact computations. The results were obtained with δt0 = 30yrs.
It is clear from the figure that the covariant scheme does not capture the overall behav-
ior of the exact redshift drift. Most notably, the exact redshift drift is non-positive for all
redshifts. It is a very important result that the redshift drift does not appear to become pos-
itive simply due to average accelerated expansion as it gives a possibility to attempt a direct
falsification of the backreaction conjecture by measuring the redshift drift at low redshifts
where the ΛCDM model predicts a positive redshift drift. One caveat is that peculiar redshift
drifts might be positive and as mentioned in the introduction, these are expected to dominate
over the cosmic redshift drift at least until z & 0.5 (but depending on the redshift source, this
might not have direct impact on measurements of redshift drift). Positive redshift drifts due
to local effects other than local accelerated expansion have also been illustrated e.g. in [28]
with a “giant hump” LTB model.
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It must be emphasized that the model studied here is not an exact solution to the Ein-
stein equations and the result of a non-positive redshift drift must therefore be considered
with some caution; it may be that the result is an artifact of the individual regions of the
toy-model being disjoint. Indeed, it must be expected that much information is lost when
removing smooth transitions between over- and underdense regions. For instance, in [86, 87],
comparisons of LTB models and two-region models showed that the disjoint two-region mod-
els exhibited significantly larger kinematical backreaction than the LTB models where the
kinematical backreaction was suppressed by shear. Similarly, light propagation could in prin-
ciple be significantly altered if the regions of the disjoint FLRW models studied here were
joined in a smooth manner (irrespective of the change this would give in spatial averages).
Note for instance that it was found in [77, 88] that the contributions of the shear and of the
fluctuations in the expansion rate cancel with each other but not individually along light rays
in specific LTB and Szekeres models. A similar result was found through analytical consider-
ations in [52] for near-FLRW spacetimes. However, as recently shown in [84], the cancellation
of the projected shear and expansion rate fluctuations is not a generic feature of light rays
in LTB models. In the model studied here however, the fluctuations in the expansion rate
cancel along the light ray. Disregarding the cosmic evolution on the time scales of a light
ray’s traversal of the homogeneity scale of the model, the cancellation is exact by design.
Since the result presented here was not obtained with an exact solution to the Einstein
equations, it cannot be excluded that δzC will turn out to give a good description of the
average redshift drift in an exact solution with similar average features. If this is the case,
δzC would be the more appropriate quantity to use for studying redshift drift in backreaction
scenarios, including toy-models such as the one studied here and in [43], and positive redshift
drift will appear due to average accelerated expansion, not only local accelerated expansion.
With the above in mind, it is still striking that the average redshift and redshift-distance
relation are well reproduced (up to small fluctuations) by the covariant approach while only
the redshift drift is not. The reason that the redshift drift is not well described by the spa-
tially averaged quantities may be related to the fact that the redshift drift is the derivative of
an integral expression. Indeed, in order to obtain the expression for zC it is crucial that the
redshift can be expressed as an integral along the light ray. Once the differential is included,
it becomes less trivial to predict the average behavior of the quantity. This is especially true
for quantities as small as the redshift drift where even small temporal variations in zC−z can
have a big impact. This possible explanation suggests that real-time observables in general
might be poorly described by spatially averaged quantities if there is significant backreaction.
If this is indeed the case, it will be necessary to introduce more sophisticated approaches for
describing this type of observations. One possible approach is that based on light cone aver-
ages introduced in [81] where averaging is done on light cones constructed by using geodesic
light cone coordinates (reminiscent of observational coordinates [89] but not identical to these
as explained in e.g. the introduction of [90]). The procedure has e.g. been used in combina-
tion with perturbation theory [48, 49, 53] and in [81] it was used to derive an expression for
the redshift drift averaged on a geodesic observer’s light cone for a generic inhomogeneous
universe. In a sense, such a setup is the opposite of that studied here: Here, the purpose is
understanding aspects of the relation between spatial averages and observations while with
schemes based on light cone averages, a main challenge is to understand how to relate light
cone averages to cosmological models which are typically described and understood in terms
of foliations with hypersurfaces of fixed time coordinate.
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6 Summary
A toy-model of disjoint FLRW regions (positively curved and void) was constructed in a
way that resulted in late-time average accelerated expansion without any local accelerated
expansion due to e.g. dark energy. Light propagation in the model was studied both by
exact ray tracing through an ensemble of disjoint regions and through schemes proposed in
the literature for describing on-average light propagation in statistically homogeneous and
isotropic spacetimes through spatially averaged quantities. The model was specifically de-
signed to fulfill the assumptions leading to one of these schemes (the covariant scheme). The
covariant scheme was the only one that gave a good description of the exact redshift-distance
relation. Therefore, only this scheme was used to study redshift drift in the model. According
to this scheme, the redshift drift should be positive at low redshifts in the studied model due
to the late-time average accelerated expansion. However, the exact redshift drift computed
along light rays with different observers was non-positive at all redshifts. This result must be
considered with caution as it was obtained by studying a toy-model that was specifically not
an exact solution to the Einstein equations. It is striking though, that the studied model was
specifically designed for the assumptions of the covariant scheme to be fulfilled and that the
redshift and redshift-distance relation were both well reproduced by the covariant scheme,
while only the redshift drift was not.
If the result obtained here is valid in general for models exhibiting non-negligible back-
reaction, it gives a possible method to attempt a falsification of the backreaction conjecture
which proposes that the apparent late-time accelerated expansion is an effect of averaging
and not an actual, local acceleration. It is therefore important that exact solutions to the
Einstein equations exhibiting average but not local accelerated expansion are developed so
that it can be firmly established whether or not redshift drift becomes positive due to average
accelerated expansion.
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A Two-region models
This appendix details computations of quantities of the two-region models studied in the main
text. Some of the information is also given in e.g. [70–72].
In a positively curved dust-only universe, the time coordinate t is related to the develop-
ment angle simply by t ∝ φ − sin(φ) while the scale factor is ao ∝ (1− cos(φ)). The scale
factor in an empty FLRW model is au ∝ t ∝ φ− sin(φ) [91]. Thus, the relation between time
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and the two scale factors of the studied two-region model is (as given in the main text):
t = t0
φ− sin(φ)
φ0 − sin(φ0)
au =
f
1/3
u
pi
(φ− sin(φ))
ao =
f
1/3
o
2
(1− cos(φ))
(A.1)
Following [70], the average Hubble and deceleration parameters are given by (a subscripted
2region will be used her instead of D to emphasize that the results are valid only for averages
over a two-region model):
H2region = Ho (1− v + vh) (A.2)
q2region = qu
1− v
(1− v + hv)2 + qo
vh2
(1− v + hv)2 − 2
v (1− v) (1− h)2
(1− v + hv)2
= qo
vh2
(1− v + hv)2 − 2
v (1− v) (1− h)2
(1− v + hv)2
(A.3)
The auxiliary functions h and v used above are defined by h := HoHu = Ho/t and v :=
a3o
a3o+a
3
u
.
The average density and its corresponding density parameter are given by:
〈ρ〉2region :=
ρoa
3
o + ρua
3
u
a3o + a
3
u
=
ρoa
3
o
a3o + a
3
u
=
3
4piG
(φ0−sin(φ0))2
t20(1−cos(φ))3
a3o + a
3
u
(A.4)
Ω2regionm :=
8piG 〈ρ〉2region
3H22region
(A.5)
The final expression for 〈ρ〉2region was obtained from the acceleration equation of the over-
dense region.
By utilizing the relations q2region = 12Ω
2region
m +2Ω
2region
Q and Ω
2region
m +Ω
2region
R +Ω
2region
Q = 1,
the density parameters of the kinematical backreaction Q and the average curvature can be
obtained. Once Ω2regionR is known, k2region can be computed from the definition k2region(t) :=
1
6
〈
(3)R
〉
2region
a22region = −Ω2regionR H22regiona22region.
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